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a b s t r a c t
Let Fp be a finite field with p a prime number and G a finite abelian p-group. We give the
explicit structure of K2(FpG); in particular K2(FpG) is not an elementary abelian p-group
when the p2-rank of G is greater than 1.
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1. Introduction
Let F be a finite field of characteristic p and G a finite abelian group; the pi-rank of G is defined to be dimFpG
pi−1/Gp
i
. For
elementary abelian p-groups G, Dennis et al. [1] calculated K2(FG) and then got lower bounds for the order of K2(ZG) and
Wh2(G). For p = 2 and with the 4-rank of G ≤ 1, Magurn [3] proved that K2(FG) is an elementary abelian 2-group and gave
Steinberg symbols as generators.We [2] extendedMagurn’s results to odd prime numbers p and calculated K2(FG) for when
the p2-rank of G ≤ 1. Now a natural question arises:
Question. If the p2-rank of G ≥ 2, what is the structure of K2(FG) ?
IfG is a finite abelian group and Cpr a cyclic group of order pr , by (3.1) in [2]we have the following decomposition formula:
K2(F[G× Cpr ]) ∼= K2(FG)⊕ K2(FG[t]/(tpr ), (t)). (1.1)
For G a finite abelian p-group, the order of the finite p-group K2(FG) was given by Oliver [4], so the order of the finite
p-group K2(FH[t]/(tpr ), (t)) for any finite abelian p-group H can be calculated by using the above decomposition formula.
After finding a sufficient number of Dennis–Stein symbols for generating K2(FH[t]/(tpr ), (t)), we get the explicit structure
of K2(FH[t]/(tpr ), (t)). And by repeated use of (1.1), the explicit structure of K2(FG) for arbitrary finite abelian p-group G is
given.
The main results of this paper are the following two theorems.
Theorem 1.1. Let Fp be a finite field with p a prime number. Let G = Cpα1 × · · · × Cpαn = ⟨σ1⟩ × · · · × ⟨σn⟩ be a finite abelian
p-group and α1, . . . , αn ≥ m; then
K2(FpG[t]/(tpm), (t)) ∼= C |Gp
m |(npn+1−(n−1)pn−1)
pm
m−1
i=1
C |G
pi |(npm−n−i−1(pn+1−1)2−(n−1)p−n(pn−1)2)
pi .
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Theorem 1.2. Let Fp be a finite field with p prime and G a finite abelian p-group of exponent pe. Let ri denote the pi-rank of G.
Then
K2(FpG) = C (re−1)(|Gp
e−1 |−1)
pe
e−1
i=1
C (ri−1)(|G
pi−1 |−|Gpi |)−(ri+1−1)(|Gpi |−|Gpi+1 |)
pi .
Theorem1.2 extends the corresponding results in [1–3], showing thatK2(FpG) is no longer an elementary abelian p-group
when the p2-rank of G is greater than 1.
2. Preliminaries
Let R be a commutative ring with unit and I ⊆ rad(R). By (1.4) of [3], the relative K2-group K2(R, I) is generated by
Dennis–Stein symbols ⟨a, b⟩with a or b in I , satisfying the following relations:
(DS1) ⟨a, b⟩ = −⟨b, a⟩ if a ∈ I;
(DS2) ⟨a, b⟩ + ⟨a, c⟩ = ⟨a, b+ c − abc⟩ if a ∈ I or b, c ∈ I;
(DS3) ⟨a, bc⟩ = ⟨ab, c⟩ + ⟨ac, b⟩ if a ∈ I.
The relations (2.1) and (2.2) in the following lemma are frequently used in the computation of Dennis–Stein symbols in
this paper.
Lemma 2.1 (See [5, Lemma 1.5]). Let R and I be as above. If R is an Fp-algebra, then
(2.1) pr⟨a, b⟩ = ⟨apr bpr−1, b⟩.
For an arbitrary ring R and positive integer m,
(2.2) ⟨a, bm⟩ = m⟨abm−1, b⟩.
Let K be an unramified extension of the p-adic fieldQp with [K : Qp] = f and A the valuation ring of K ; then A/(p) is just
the finite field Fq with q = pf , so Proposition 6.3 and Theorem 6.6 in [4] give the precise order of K2(FqG), which is essential
for determining the structure of K2(FqG) through direct calculation of symbols.
Theorem 2.2 (See [4, Proposition 6.3]). Let Fq be a finite field with q = pf and G a finite abelian p-group. If exp(G) = pe and
ri = pi-rk(G)(1 ≤ i ≤ e), then
ordp|K2(FqG)| = f ((r1 − 1)|G| − (r1 − r2)|Gp| − · · · − (re−1 − re)|Gpe−1 | − (re − 1)).
3. The main results
Let R be a commutative ring and I a radical ideal of R. If a, b ∈ I or c ∈ I , then by (DS2) we have the following equations
in K2(R, I):
⟨a+ b, c⟩ = ⟨a, c⟩ + ⟨b, c⟩ + ⟨(1− (a+ b− abc)c)−1abc, c⟩. (3.1)
Let b, c ∈ I or a ∈ I . As (3.1)we have
⟨a, b+ c⟩ = ⟨a, b⟩ + ⟨a, c⟩ + ⟨a, (1− (b+ c − abc)a)−1abc⟩. (3.2)
We first need three lemmas to prove Theorem 3.4 below, which gives a relatively small number of generators of
K2(FpG[t]/(tpm), (t)).
Lemma 3.1. Let al, . . . , apm−1 be arbitrary elements of R, l > 1; then in K2(R[t]/(tpm), (t)), ⟨alt l + · · · + apm−1tpm−1, t⟩ is a
sum of elements in {⟨at i, t⟩|l ≤ i ≤ pm − 1, a ∈ R}.
Proof. If l = pm − 1, the lemma is obviously true. Let l = k; by (3.1) we have
⟨aktk + · · · + apm−1tpm−1, t⟩ = ⟨aktk, t⟩ + ⟨ak+1tk+1 + · · · + apm−1tpm−1, t⟩ + ⟨θ, t⟩,
where θ ∈ (t2k+2). Since k + 1, 2k + 2 > k, by the induction hypothesis the lemma is true for l = k and the lemma is
proved. 
Lemma 3.2. Let al, b1, . . . , bpm−1 be arbitrary elements of R, 1 ≤ l ≤ pm − 1; then in K2(R[t]/(tpm), (t)), ⟨alt l, b1t + · · · +
bpm−1tp
m−1⟩ is a sum of elements of {⟨at i, t⟩, ⟨at j, b⟩|i ≥ l, j > l, a, b ∈ R}.
Proof. By (3.2) we have
⟨alt l, b1t + · · · + bpm−1tpm−1⟩ = ⟨alt l, b1t⟩ + ⟨alt l, b2t2 + · · · + bpm−1tpm−1⟩ + ⟨alt l, θ⟩,
2132 H. Chen et al. / Journal of Pure and Applied Algebra 216 (2012) 2130–2136
where θ ∈ (t l+3) and by (DS3)
⟨alt l, b1t⟩ = ⟨alb1t l, t⟩ + ⟨alt l+1, b1⟩.
Now an easy induction yields the lemma. 
Lemma 3.3. Let al, . . . , apm−1 and b be arbitrary elements of R; then ⟨alt l + · · · + apm−1tpm−1, b⟩ is a sum of elements of
{⟨at i, b⟩|a ∈ R, i ≥ l} in K2(R[t]/(tpm), (t)).
Proof. By (3.1) we have
⟨alt l + · · · + apm−1tpm−1, b⟩ = ⟨alt l, b⟩ + ⟨al+1t l+1 + · · · + apm−1tpm−1, b⟩ + ⟨θ, b⟩,
where θ ∈ (t2l+1); now an easy induction yields the lemma. 
Theorem 3.4. Let Fp be a finite field with p elements and G = ⟨σ1⟩ × · · · × ⟨σn⟩ be a finite abelian p-group. Then K2
(FpG[t]/(tpm), (t)) can be generated by
S = {⟨gtk, t⟩, ⟨gtk, σi⟩|g ∈ G, 1 ≤ k < pm, 1 ≤ i ≤ n}.
Proof. By Proposition 1.7 in [5], K2(FpG[t]/(tpm), (t)) is generated by elements ⟨at i, t⟩ and ⟨at i, b⟩ with a, b ∈ FpG and
1 ≤ i ≤ pm − 1, and we define a filtration on K2(FpG[t]/(tpm), (t)) using these elements. Let F0 = 0 and:
(1) when 1 ≤ k ≤ pm − 1,
Fk = the subgroup generated by Fk−1 and symbols of the type ⟨atpm−k, t⟩;
(2) when pm ≤ k ≤ 2pm − 2,
Fk = the subgroup generated by Fk−1 and symbols of the type ⟨at2pm−k−1, b⟩.
Then F0 ⊆ F1 ⊆ · · · ⊆ Fpm−1 ⊆ Fpm ⊆ · · · ⊆ F2pm−2 = K2(FpG[t]/(tpm), (t)). To prove the theorem, it suffices to prove that
the image of S ∩ Fk under the natural map Fk → Fk/Fk−1 is a set of generators of Fk/Fk−1.
1⃝ For 1 ≤ k ≤ pm − 1, Fk/Fk−1 is generated by ⟨atpm−k, t⟩ with a ∈ FpG. Let a1, a2 be arbitrary elements of FpG; then
by (3.1)
⟨a1tpm−k, t⟩ + ⟨a2tpm−k, t⟩ = ⟨(a1 + a2)tpm−k, t⟩ − ⟨θ, t⟩,
where θ ∈ (t2pm−2k+1) and 2pm− 2k+ 1 > pm− k. By Lemma 3.1, ⟨θ, t⟩ ∈ Fk−1. Since each element a of FpG is an Fp-linear
combination of g , g ∈ G, the image of {⟨gtpm−k, t⟩|g ∈ G} generates Fk/Fk−1 for 1 ≤ k ≤ pm − 1.
2⃝ For pm ≤ k ≤ 2pm − 2, Fk/Fk−1 is generated by ⟨at2pm−k−1, b⟩with a, b ∈ FpG. Let b1,b2 be arbitrary elements of FpG;
by (3.2),
⟨at2pm−k−1, b1⟩ + ⟨at2pm−k−1, b2⟩ = ⟨at2pm−k−1, b1 + b2⟩ − ⟨at2pm−k−1, θ⟩,
where θ ∈ (t2pm−k−1). By Lemma 3.2, we have ⟨at2pm−k−1, θ⟩ ∈ Fk−1. Then ⟨at2pm−k−1, b⟩ can be generated by
⟨at2pm−k−1, σ h11 · · · σ hnn ⟩. By (DS3) for a′ ∈ I ,
⟨a′, σ h11 · · · σ hnn ⟩ =
n
i=1
hi⟨a′σ h11 · · · σ hi−1i · · · σ hnn , σi⟩.
So ⟨at2pm−k−1, b⟩ is generated by symbols in {⟨at2pm−k−1, σi⟩|a ∈ FpG, 1 ≤ i ≤ n}. Let a1,a2 be arbitrary elements of FpG;
by (3.1),
⟨a1t2pm−k−1, σi⟩ + ⟨a2t2pm−k−1, σi⟩ = ⟨(a1 + a2)t2pm−k−1, σi⟩ + ⟨θ, σi⟩,
where θ ∈ (t2(2pm−k−1)). By Lemma 3.3, ⟨θ, σi⟩ ∈ Fk−1; then ⟨at2pm−k−1, σi⟩ is generated by symbols {⟨gt2pm−k−1, σi⟩|g ∈ G}.
Now the theorem is proved. 
The next lemma further reduces the number of Dennis–Stein symbols needed to generate K2(FpG[t]/(tpm), (t)).
Lemma 3.5. Let Fp, G and S be as in Theorem 3.4. Let
T1 = {⟨gptk, t⟩|g ∈ G, 1 ≤ k < pm};
T2 = {⟨σ l11 · · · σ lii gptk, σi⟩|0 ≤ l1, . . . , li−1 ≤ p− 1, 0 ≤ li ≤ p− 2, g ∈ G, 2 ≤ k < pm, 1 ≤ i ≤ n};
T3 = {⟨σ p−1i gptk, σi⟩|1 ≤ i ≤ n, g ∈ G, 2 ≤ k < pm, k ≡ 0 mod p}.
Set T = T1 ∪ T2 ∪ T3. Then K2(FpG[t]/(tpm), (t)) can be generated by Dennis–Stein symbols in S \ T .
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Proof. By Theorem 3.4, we need only to show that each symbol in T is a sum of symbols in S \ T . Now we consider the
symbols in T1, T2 and T3 separately.
1⃝ Symbols in T1.
Let g = σ l11 · · · σ lnn . If k+ 1 ≢ 0 mod p,
⟨gptk, t⟩ = ⟨gp, tk+1⟩ + ⟨tk, gpt⟩
= −⟨tk+1, gp⟩ − ⟨gpt, tk⟩
= −p⟨gp−1tk+1, g⟩ − k⟨gptk, t⟩,
and by (2.2) we have
(1+ k)⟨gptk, t⟩ = −p⟨gp−1tk+1, g⟩ = −p
n
i=1
li⟨gpσ−1i tk+1, σi⟩.
Since k+ 1 ≢ 0 mod p, ⟨gpσ−1i tk+1, σi⟩ ∈ S \ T . Since K2(FpG[t]/(tpm), (t)) is a finite abelian p-group, ⟨gptk, t⟩ is a sum of
symbols in S \ T when k+ 1 ≢ 0 mod p.
If k+ 1 ≡ 0 mod p, let k = lp− 1, 1 ≤ l ≤ pm−1; then ⟨gptk, t⟩ = ⟨gpt lp−1, t⟩. If l = 1,
⟨gptp−1, t⟩ = p⟨g, t⟩ = −p⟨t, g⟩ = −p
n
i=1
li⟨gσ−1i t, σi⟩.
Obviously ⟨gσ−1i t, σi⟩ ∈ S \ T , and ⟨gptp−1, t⟩ is a sum of symbols in S \ T .
If l > 1 and g ∉ Gp,
⟨gpt lp−1, t⟩ = p⟨gt l−1, t⟩.
Also ⟨gt l−1, t⟩ ∈ S \ T .
If l > 1 and g ∈ Gp, let g = g ′p for some g ′ ∈ G; then
⟨gpt lp−1, t⟩ = p⟨g ′pt l−1, t⟩. (3.3)
Since ⟨g ′pt l−1, t⟩ ∈ T1, we can repeat the discussion above to show that either ⟨g ′pt l−1, t⟩ is a sum of symbols in S \ T or
⟨g ′pt l−1, t⟩ = p⟨g ′′pt l′−1, t⟩ by (3.3)when g ′ ∈ Gp and l = bp, b > 1. But l′ − 1 < l− 1 < lp− 1, so after a finite number of
steps we can show that ⟨gpt lp−1, t⟩ is a sum of symbols in S \ T when g ∈ Gp and l > 1.
2⃝ Symbols in T2.
Let g = σ l′11 · · · σ l
′
n
n ; then
⟨σ l11 · · · σ lii gptk, σi⟩ = −⟨σi, σ l11 · · · σ lii gptk⟩
= −⟨σ l11 · · · σ li+1i gp, tk⟩ − ⟨σitk, σ l11 · · · σ lii gp⟩
= −k⟨σ l11 · · · σ li+1i gptk−1, t⟩ − p⟨σ l11 · · · σ li+1i gp−1tk, g⟩ − ⟨σigptk, σ l11 · · · σ lii ⟩.
For the last two terms in the above equation,
⟨σ l11 · · · σ li+1i gp−1tk, g⟩ =

j<i
l′j⟨σ l11 · · · σ lj−1j · · · σ li+1i gptk, σj⟩ + l′i⟨σ l11 · · · σ lii gptk, σi⟩
+

j>i
l′j⟨σ l11 · · · σ li+1i σ−1j gptk, σj⟩,
⟨σigptk, σ l11 · · · σ lii ⟩ =

j<i
lj⟨σ l11 · · · σ lj−1j · · · σ li+1i gptk, σj⟩ + li⟨σ l11 · · · σ lii gptk, σi⟩,
so we have
(1+ pl′i + li)⟨σ l11 · · · σ lii gptk, σi⟩ = −k⟨σ l11 · · · σ li+1i gptk−1, t⟩ −

j<i
lj⟨σ l11 · · · σ lj−1j · · · σ li+1i gptk, σj⟩
− p

j<i
l′j⟨σ l11 · · · σ lj−1j · · · σ li+1i gptk, σj⟩ +

j>i
l′j⟨σ l11 · · · σ li+1i σ−1j gptk, σj⟩

.
Since 1 ≤ li + 1 ≤ p − 1, and so σ li+1i ∉ Gp, ⟨σ l11 · · · σ li+1i gptk−1, t⟩, ⟨σ l11 · · · σ lj−1j · · · σ li+1i gptk, σj⟩(j < i) and ⟨σ l11 · · ·
σ
li+1
i σ
−1
j g
ptk, σj⟩(j > i) in the above equation are in S \ T . And because (1+ pl′i + li) ≢ 0 mod p, K2(FpG[t]/(tpm), (t)) is
a finite abelian p-group, so ⟨σ l11 · · · σ lii gptk, σi⟩ in T2 is a sum of symbols in S \ T .
3⃝Symbols in T3.
Let k = lp, 1 ≤ l ≤ pm−1 − 1; then
⟨σ p−1i gpt lp, σi⟩ = p⟨gt l, σi⟩.
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If ⟨gt l, σi⟩ ∈ T2, by the discussion in 2⃝, ⟨gt l, σi⟩ is a sum of symbols in S \ T ; if ⟨gt l, σi⟩ ∈ T3, then ⟨gt l, σi⟩ = p⟨g ′t l′ , σi⟩
and l′ < l < lp. But if l = 1, ⟨gt l, σi⟩ ∈ S \ T . So after a finite number of steps, we can show that ⟨σ p−1i gpt lp, σi⟩ is a sum of
Dennis–Stein symbols in S \ T . Now the lemma is proved. 
Now we are ready to prove Theorems 1.1 and 1.2.
Proof of Theorem 1.1. Let N denote nonnegative integers and
V = {(l1, . . . , ln) ∈ Nn|0 ≤ lj < pαj , 1 ≤ j ≤ n}.
For each k, 1 ≤ k < pm, we shall define a partition Nk,1, . . . ,Nk,m−s of V . We shall show below that if (l1, . . . , ln) ∈ Nk,m−s,
the exponent of ⟨σ l11 · · · σ lnn tk, x⟩ is ≤ pm−s; if (l1, . . . , ln) ∈ Nk,i, 1 ≤ i < m − s, the exponent of ⟨σ l11 · · · σ lnn tk, x⟩ −
⟨σ l′11 · · · σ l
′
n
n tk, x⟩ is≤ pi. The meanings of s, x and (l′1, . . . , l′n) are explained below.
If ps ≤ k < ps+1, 0 ≤ s ≤ m− 1, set
N ′k,i = {(l1, . . . , ln) ∈ Nn|0 ≤ lj < pαj−i+1, 1 ≤ j ≤ n}, 1 ≤ i ≤ m− s.
Then N ′k,m−s ⊆ · · · ⊆ N ′k,1, and let Nk,m−s = N ′k,m−s, Nk,i = N ′k,i \ N ′k,i+1, 1 ≤ i < m − s; so Nk,1, . . . ,Nk,m−s is a partition of
V . If i < m− s and (l1, . . . , ln) ∈ Nk,i, then there exists only one (l′1, . . . , l′n) ∈ N ′k,i+1 such that lj ≡ l′j mod pαj−i.
For convenience, let x stand for t or σj, 1 ≤ j ≤ n. If (l1, . . . , ln) ∈ Nk,m−s, since k · pm−s ≥ pm,
pm−s⟨σ l11 · · · σ lnn tk, x⟩ = ⟨(σ l11 · · · σ lnn )p
m−s
xp
m−s−1tk·p
m−s
, x⟩ = 0,
so the order of ⟨σ l11 · · · σ lnn tk, x⟩ is≤pm−s. If (l1, . . . , ln) ∈ Nk,i, i < m− s,
pi
⟨σ l11 · · · σ lnn tk, x⟩ − ⟨σ l′11 · · · σ l′nn tk, x⟩ = 0,
so the order of ⟨σ l11 · · · σ lnn tk, x⟩−⟨σ l
′
1
1 · · · σ l
′
n
n tk, x⟩ ≤ pi. For i < m− s and (l1, . . . , ln) ∈ Nk,i, if ⟨σ l11 · · · σ lnn tk, x⟩ ∈ S \T , then
⟨σ l′11 · · · σ l
′
n
n tk, x⟩ ∈ S \ T , so if we replace ⟨σ l11 · · · σ lnn tk, x⟩ ∈ S \ T by ⟨σ l11 · · · σ lnn tk, x⟩ − ⟨σ l
′
1
1 · · · σ l
′
n
n tk, x⟩, the new set is still
a generating set of K2(FpG[t]/(tpm), (t)) and the number of these generators does not change. We still use S \ T to denote it.
Now we begin to count the number of Dennis–Stein symbols in the new generating set S \ T . For ps ≤ k < ps+1,
0 ≤ s ≤ m− 1, let lm−sk,x denote the number of ⟨σ l11 · · · σ lnn tk, x⟩ ∈ S \ T with (l1, . . . , ln) ∈ Nk,m−s. Let lik,x denote the number
of ⟨σ l11 · · · σ lnn tk, x⟩− ⟨σ l
′
1
1 · · · σ l
′
n
n tk, x⟩ ∈ S \ T with (l1, . . . , ln) ∈ Nk,i, i < m− s. Using the definitions of Ti in Lemma 3.5 we
can get the value of lik,x. If x = t and ps ≤ k < ps+1,
lm−sk,t = |G|p−n(m−s)(pn − 1), lik,t = |G|p−ni(pn − 1)(1− p−n), i < m− s.
Now let x = σj, 1 ≤ j ≤ n. If k = 1,
lmk,σj = |G|p−nmpn, lik,σj = |G|p−nipn(1− p−n), i < m.
When ps ≤ k < ps+1, 2 ≤ k and k ≢ 0 mod p,
lm−sk,σj = |G|p−n(m−s)(pn − pj + pj−1);
lik,σj = |G|p−ni(pn − pj + pj−1)(1− p−n), 1 ≤ i < m− s;
When ps ≤ k < ps+1, 2 ≤ k and k ≡ 0 mod p,
lm−sk,σj = |G|p−n(m−s)(pn − pj + pj−1 − 1);
lik,σj = |G|p−ni(pn − pj + pj−1 − 1)(1− p−n), 1 ≤ i < m− s.
Let
βm =
p−1
k=1

lmk,t +
n
j=1
lmk,σj

= |G|p−mn(npn+1 − (n− 1)pn − 1),
βi =
pm−i+1−1
k=1

lik,t +
n
j=1
lik,σj

= |G|p−ni(npm−n−i−1(pn+1 − 1)2 − (n− 1)p−n(pn − 1)2).
So the order of K2(FpG[t]/(tpm), (t)) ≤ mi=1 piβi = p|G|(npm−p−mn−(n−1)). Since K2(Fp[G × Cpm ]) ∼= K2(FpG) ⊕ K2(FpG[t]/
(tp
m
), (t)), by Theorem 2.2, we know that
|K2(FpG[t]/(tpm), (t))| = |K2(Fp[G× Cpm ])|/|K2(FpG)| = p|G|(npm−p−mn−(n−1)).
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So
K2(FpG[t]/(tpm), (t)) =
m
i=1
Cβipi ,
and the theorem is proved. 
Proof of Theorem 1.2. We use induction on the p-rank of G. As noted in [3], K2(FpG) = 1 if G is finite cyclic. Let Cpl be a
direct summand of least order in the decomposition of G as a direct sum of cyclic p-groups andH ≤ G such that G = H×Cpl ,
l ≤ e; so if G is not cyclic, G and H have the same exponent pe. Let r ′i and ri denote the pi-ranks of G and H respectively. By
(3.1) in [2],
K2(FpG) ∼= K2(FpH)⊕ K2(FpH[t]/(tpl), (t)).
Let
K2(FpH) =
e
i=1
Cαipi , K2(FpH[t]/(tp
l
), (t)) =
l
i=1
Cβipi .
By the induction hypothesis, all the αi are known.
We will consider e > l and e = l separately. First suppose that e > l. For l < i ≤ e, since ri = r ′i and |Hpi | = |Gpi |, we
have
αe = (r ′e − 1)(|Gp
e−1 | − 1), αi = (r ′i − 1)(|Gp
i−1 | − |Gpi |)− (r ′i+1 − 1)(|Gp
i | − |Gpi+1 |), l < i < e.
For i = l, obviously r ′l − 1 = rl and |Gpl−1 | = |Hpl |prl+1. By Theorem 1.1 and the induction hypothesis,
αl + βl = (rl − 1)(|Hpl−1 | − |Hpl |)− (rl+1 − 1)(|Hpl | − |Hpl+1 |)+ |Hpl |(rlprl+1 − (rl − 1)prl − 1)
= |Hpl |(rl − 1)(prl − 1)− (r ′l+1 − 1)(|Gpl | − |Gpl+1 |)+ |Hpl |(rlprl+1 − (rl − 1)prl − 1)
= |Hpl |rl(prl+1 − 1)− (r ′l+1 − 1)(|Gpl | − |Gpl+1 |)
= (r ′l − 1)(|Gpl−1 | − |Gpl |)− (r ′l+1 − 1)(|Gpl | − |Gpl+1 |).
For 1 ≤ i ≤ l, all the ri are equal, as are the r ′i . Let r ′ = r ′i and r = ri; then r ′ − 1 = r . Suppose 1 ≤ i < l; by the induction
hypothesis,
αi = (r − 1)(|Hpi−1 | − |Hpi |)− (r − 1)(|Hpi | − |Hpi+1 |)
= (r − 1)|Hpi+1 |(pr − 1)2.
By Theorem 1.1 and the fact |Hpi+1 | = |Hpi |p−r , we have
βi = |Hpi |[rp−rpl−i−1(pr+1 − 1)2 − (r − 1)p−r(pr − 1)2]
= |Hpi+1 |[rpl−i−1(pr+1 − 1)2 − (r − 1)(pr − 1)2].
= r|Hpi+1 |pl−i−1(pr+1 − 1)2 − αi.
Since
(r ′ − 1)(|Gpi−1 | − |Gpi |)− (r ′ − 1)(|Gpi | − |Gpi+1 |) = r(|Hpi−1 |pl−i+1 − |Hpi |pl−i)− r(|Hpi |pl−i − |Hpi+1 |pl−i−1)
= r|Hpi+1 |(p2r+l−i+1 − pr+l−i)− r|Hpi+1 |(pr+l−i − pl−i−1)
= r|Hpi+1 |pl−i−1(pr+1 − 1)2,
we have
αi + βi = (r ′i − 1)(|Gp
i−1 | − |Gpi |)− (r ′i+1 − 1)(|Gp
i | − |Gpi+1 |), 1 ≤ i < l.
Now we have proved that the formula for K2(FpG) is correct when e > l.
Next we consider the case e = l, that is, G is a homogeneous abelian p-group. Let r ′ and r denote the pi-ranks of G and H
respectively; for i ≤ e, r ′ − 1 = r . By the induction hypothesis and Theorem 1.1,
αe = (r − 1)(|Hpe−1 | − 1) = (r − 1)(pr − 1), βe = rpr+1 − (r − 1)pr − 1.
So
αe + βe = r(pr+1 − 1) = (r ′ − 1)(|Gpe−1 | − 1).
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If 1 ≤ i < l,
αi + βi = (r − 1)(|Hpi−1 | − 2|Hpi | + |Hpi+1 |)+ |Hpi |(rpe−r−i−1(pr+1 − 1)2 − (r − 1)p−r(pr − 1)2)
= (r − 1)|Hpi+1 |(p2r − 2pr + 1)+ |Hpi+1 |(rpe−i−1(pr+1 − 1)2 − (r − 1)(pr − 1)2)
= r|Hpi+1 |pe−(i+1)(p2r+2 − 2pr+1 + 1)
= r|Gpi+1 |(p2r ′ − 2pr ′ + 1)
= r(|Gpi−1 | − 2|Gpi | + |Gpi+1 |).
So the formula for K2(FpG) holds if e = l. Now the theorem is proved. 
Examples 3.6. Let us now determine the explicit structure of K2(F2[C4 × C4]). By (1.1) we know that K2(F2[C4 × C4]) ∼=
K2(F2C4[t]/(t4), (t)). By Theorem 3.4, K2(F2C4[t]/(t4), (t)) is generated by Dennis–Stein symbols in the following six ma-
trices, denoted by S.
k = 1,

⟨t, t⟩ ⟨σ t, t⟩
⟨σ 2t, t⟩ ⟨σ 3t, t⟩

,
 ⟨t, σ ⟩ ⟨σ t, σ ⟩
⟨σ 2t, σ ⟩ ⟨σ 3t, σ ⟩

.
k = 2,

⟨t2, t⟩ ⟨σ t2, t⟩
⟨σ 2t2, t⟩ ⟨σ 3t2, t⟩

,

⟨t2, σ ⟩ ⟨σ t2, σ ⟩
⟨σ 2t2, σ ⟩ ⟨σ 3t2, σ ⟩

.
k = 3,

⟨t3, t⟩ ⟨σ t3, t⟩
⟨σ 2t3, t⟩ ⟨σ 3t3, t⟩

,

⟨t3, σ ⟩ ⟨σ t3, σ ⟩
⟨σ 2t3, σ ⟩ ⟨σ 3t3, σ ⟩

.
As in Lemma 3.5, let
T1 = {⟨t, t⟩, ⟨σ 2t, t⟩, ⟨t2, t⟩, ⟨σ 2t2, t⟩, ⟨t3, t⟩, ⟨σ 2t3, t⟩};
T2 = {⟨t2, σ ⟩, ⟨σ 2t2, σ ⟩, ⟨t3, σ ⟩, ⟨σ 2t3, σ ⟩};
T3 = {⟨σ t2, σ ⟩, ⟨σ 3t2, σ ⟩}.
Set T = T1 ∪ T2 ∪ T3; then K2(F2C4[t]/(t4), (t)) is generated by symbols in S \ T , and the symbols in T are given a hat in the
above matrices to distinguish them from the other symbols. Using the notation from the proof of Theorem 1.1,
V = {0, 1, 2, 3}.
If k = 1, s = 0, so the partition of V is N1,2 = {0, 1}, N1,1 = {2, 3}. If k = 2, 3, s = 1, so the partition of V is
N2,1 = N3,1 = {0, 1, 2, 3}. As in the proof of Theorem 1.1, the symbols of order 22 in S \ T are
⟨σ t, t⟩, ⟨t, σ ⟩, ⟨σ t, σ ⟩.
The Dennis–Stein symbols of order 2 in S \ T are
⟨σ 3t, t⟩ − ⟨σ t, t⟩, ⟨σ 2t, σ ⟩ − ⟨t, σ ⟩, ⟨σ 3t, σ ⟩ − ⟨σ t, σ ⟩,
⟨σ t2, t⟩, ⟨σ 3t2, t⟩, ⟨σ t3, t⟩, ⟨σ 3t3, t⟩, ⟨σ t3, σ ⟩, ⟨σ 3t3, σ ⟩,
so we have K2(F2[C4 × C4]) ∼= K2(F2C4[t]/(t4), (t)) = C34 ⊕ C92 .
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